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Wall-Normal-Free Reynolds-Stress Closure
for Three-Dimensional Compressible Separated Flows

G. A. Gerolymos¤ and I. Vallet†

Université Pierre-et-Marie-Curie, 91405 Orsay, Paris, France

A near-wall Reynolds-stress closure that is independent of the distance from the wall and of the normal to the
wall direction is developed and validated.Particular attention was given in the applicabilityof the model to complex
three-dimensional � ows with shock waves and boundary-layer separation. In the separated � ow region, measure-
ments and model computations indicate that the � atness parameter A of the anisotropy tensor aij approaches unity.
Therefore, control of separation is achieved in the model through the particular functional dependence of the rapid
pressure–strain isotropization of production model coef� cient on A. Echo terms are treated by replacing geometric
normalsand distances by functionsof the gradientsof turbulence length scale and anisotropytensor invariants.The
model is initiallycompared with measurements for compressible � at-plateboundary-layer� ows. It is then validated
by comparison with experimental data in a two-dimensional compression corner oblique shock-wave/boundary-
layer interaction at Mach 3. Finally the model is applied to the computation of the three-dimensional interaction
of a Mach 1.5–1.8 strong shock wave with the boundary layers of a rectangular channel � tted with a swept bump
on the lower wall, and results are compared with measurements. One important advantageof the proposed model
is its robustness in complex three-dimensional � ows. A detailed discussion of the range of validity of the model and
possible improvements is presented.

Introduction

R EYNOLDS-STRESS models (RSM) offer de� nite advantages
over eddy-viscositymodels,whichare pathologicallywrong in

many situations,especiallyfor con� gurationswith strongsecondary
� ows or with system rotation effects.1 6 The use of near-wall terms
has made these models independent of particular law-of-the-wall
forms.7 11 Recently it has been recognized that for the computa-
tion of complex � ows it is important to use models independent
of such geometric parameters as the distance from the wall n or
the normal to the wall direction en D ni ei . It must be stressed that
in several instances, such as three-dimensional� ow in the vicinity
of solid corners12 or � ow through the tip-clearance gap of turbo-
machinery rotors,13 these parameters are de� ned in a completely
arbitrary manner.14

Durbin15;16 has proposed a methodology based on the solution
of a Poisson equation for the inhomogeneity effects on dissipation
and redistributionterms. This method has been successfullyapplied
to several incompressible� ow con� gurations.15 17 The main draw-
backsof this approachare 1) the need to solve one � eld equationper
Reynolds-stress component at each � ow solver iteration and 2) the
dif� culty in specifying boundary conditions for the Poisson equa-
tions in complex three-dimensional con� gurations (the boundary
conditions are dependent on the component considered relatively
to the normal to the wall direction, resulting in coupling between
the Poisson equations in an arbitrary coordinate system not aligned
with the solid boundaries).

Djenidi and Antonia18 developed a model speci� c to � at-plate
boundary-layer� ows that used many ad hoc assumptionsbut did not
contain wall-re� ection terms (the normal to the wall direction was,
however, present in the dissipationtensor modeling strategy). More
recently, So and Yuan19 developed a geometry-independent near-
wall Reynolds-stress closure that uses a quadratic pressure–strain
closure without echo terms. The normal-free near-wall behavior of
the model is achieved through the " equation and the "i j tensor.
The model has been applied to three-dimensional developing � ow
in a square duct19 and to two-dimensionalbackstep � ow.20 Shima21
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developed a model completely independent of n and en that does
not contain wall-echo redistribution terms. This model was applied
to several accelerated and decelerated boundary-layer � ows and
showed encouraging general agreement with measurements. The
strategy adopted was to use quasi-linear models for the pressure–

strain terms, with no echo terms. The functional dependence of the
model coef� cients (especially of the slow terms) on the anisotropy
tensor invariants22 A and A2 and on the turbulenceReynoldsnumber
ReT is used to mimic the echo effect. The anisotropy tensor and its
invariants are de� ned from the Reynolds-stresstensor gu 00

i u 00
j and the

turbulencekinetic energy k D 1
2 gu 00
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i :

ai j D gu 00
i u 00

j=k 2
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8
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(1)

Launder and Li14 did not use echo terms by adopting a cubic
model for the redistribution terms and using effective velocity gra-
dients, following a suggestion by Bradshaw et al.23 that points out
the inaccuracy of taking out the mean-� ow velocity gradients, of
the volume integral for pressure–strain in inhomogeneous� ow. The
effective velocity gradients include a second derivative correction
in the direction of the � ow inhomogeneity, which is estimated by
taking the gradientof functionsof the turbulencelengthscale`T and
theanisotropy-tensorinvariants22 A and A2 . Althoughthis technique
yields too stiff a model for complex three-dimensional con� gura-
tions containing large three-dimensional strains, it introduces the
idea of using such gradients to determine the normal to the wall
direction in the echo terms.24 26 This techniqueof using echo terms
but with a pseudonormal direction that mimics correctly the echo
directionality has been adopted in the present work, but with the
further improvement of separating the unit’s pseudonormal deter-
mining gradients from the value of the echo-terms coef� cients.

There are few publishedpapers dealingwith near-wallReynolds-
stress work in the compressible (transonic and supersonic) � ow
regime.Sommer et al.27;28 havedevelopeda closurefor the Reynolds
stresses coupled to transport equations for the temperature � uctu-
ation and its dissipation, and applied it to zero-pressure-gradient
� at-plate supersonicboundary-layer� ows. A linear pressure–strain
modelwas used.Ladeinde29 also useda linearpressure–strainmodel
to compute the interaction of a supersonic boundary layer with a
continuouscompressionwave generated by concave surface curva-
ture. Gerolymos and Vallet12 used a compressible extension of the
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near-wall model of Launder–Shima30 (quasi-linear pressure–strain
closure) to compute three-dimensionalshock-wave/boundary-layer
interactionin a squarechannel� tted with a swept bump on the lower
wall. To obtain a numerically stable model, the authors had to re-
placethe transportequationfor the dissipationrate " with a transport
equation for the modi� ed dissipation "¤ D " 2Mº[grad

p
k]2 based

on the k–" model of Launder–Sharma31 because of the much more
stable wall boundary condition "¤

w
D 0 (Ref. 12). Comparison with

measurementswas satisfactory,but the model systematicallyunder-
estimates separation.Batten et al.26 used a nonlinearmodel for both
the slow pressure–strain terms Ái j1 and for the rapid pressure–strain
terms Ái j2. A cubic model was used for Ái j2 resulting in a near-wall
model of rather overwhelming complexity. The model was applied
to the computationof two-dimensionalshock-wave/boundary-layer
interactionsand to the three-dimensionalinteractionof a supersonic
� ow with a cylindrical� n. These authors also used a transport equa-
tion for the modi� ed dissipation rate "¤.

There are mainly two families of near-wall RSMs: those based
on linear or quasi-linear pressure–strain closures30;32 36 and those
basedonquadraticor cubicclosuresfor the rapid termsÁi j2 (Refs. 14
and 24–26). The quasi-linear models are very robust.12 The use
of complex cubic Ái j models in real three-dimensional con� gu-
rations with shock-wave/boundary-layer interactions at solid cor-
ners is not an easy task. To the authors knowledge,no such work has
been reported (the computationsof Batten et al.26 deal with a shock
wave detached in front of a cylinder). In general, nonlinear models
for Ái j2 have been � ne tuned to reproduce complex details of simple
shear � ows and as a result contain an oversensitive dependence on
such parameters25 as the nondimensional strain SRNG and vorticity
ÄRNG that will go off bounds in complex three-dimensional sepa-
rated shock-wave/boundary-layerinteractions.The use of these pa-
rameters is, in the authors’opinion, an unwise choice because (with
the exceptionof simple shear � ows such as two-dimensionalbound-
ary layers, jets, and wakes) they do not vary within a known range
(as do the anisotropy-tensorinvariants22 A 2 [0; 1] and A2 2 [0; 8

3
]).

In the case of rotatingpipe � ow, Petterssonet al.17 encounteredseri-
ous problems with cubic models for Ái j2 and concludedthat “highly
nonlinear (cubic) pressure–strain models fail severely.”

The purpose of the present work is to develop a near-wall RSM
along the followingideas:1) providea completelywall-normal-free
formulation,2) use a dissipationequationbased on "¤ for computa-
tional robustness, 3) use modi� ed quasi-linear models for Ái j1 and
Ái j2 that will improve the results obtained by the Launder–Shima–

Sharma closure (see Ref. 12) in separated � ows, 4) include echo
terms based on pseudonormals both for Ái j1 and Ái j2 , 5) systemati-
cally avoid the use of SRNG and ÄRNG , and 6) ensure robustness
of the model in complex three-dimensionalshock-wave/boundary-
layer interactions.

Model Development
Mean Flow

The � ow is modeled by the compressible Favre–Reynolds-
averaged three-dimensionalNavier–Stokes equations12
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where t is the time, x` are the Cartesian space coordinates, ui are
the velocity components,½ is the density, p is the pressure,±i j is the
Kronecker symbol, ¿i j are the viscous stresses, and . Q¢ / indicates
Favre averaging, . N¢ / nonweighted averaging, .¢00/ Favre � uctua-
tions, and .¢0/ nonweighted � uctuations (for any � ow quantity b:

Qb C b00 D Nb C b0 and b00 D Nb Qb, and for any � ow quantities37 b1 and
b2: b00

1b0
2 ´ b0

1b0
2 ´ b0

1b00
2 ). Also, Mht D Qh C 1

2
Qu i Qui is the total enthalpy

of the mean � ow (which is different from the Favre-averaged to-
tal enthalpy Qht D Qh C 1

2
Qui Qui C k D Mht C k), h is the speci� c enthalpy,

and k D 1
2 gu00

i u00
i is the turbulence kinetic energy. The . M¢ / is used to

denote a function of average quantities that is neither a Favre aver-
age nor a nonweightedaverage.The source term in the mean energy
equation is12
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where Pk D 1
2
P`` is the turbulencekinetic energy production (equal

to the trace of the Reynolds-stressesproduction tensor Pi j ) and " is
its dissipation.In the present work we preferred to de� ne the turbu-
lent heat � ux as an enthalpy transport N½ gh00u 00

i , as will be discussed in
the heat-� ux closure section.This involves includinga pressuredif-
fusion term to S Mh t

compared to previous work of the authors.12 The
mean viscous stresses are approximated in the usual way by37 39
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and the thermodynamics of the working gas are approximated by40
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where ° is the isentropic exponent, Rg the gas constant, ¹ the
dynamic viscosity, and · the heat conductivity. For air Rg D
287:04 m2 ¢ s 2 ¢ K 1, ° D 1:4, ¹273 D 17:11 £ 10 6 Pa ¢ s, ·273 D
0:0242W ¢ m 1 ¢ K 1 , TS D 110:4 K, and A· D 0:00023 K 1.

Turbulent Heat Flux
Several authors de� ne the turbulent heat � ux as internal-energy

transport,29;41 whereasothersprefer to considerenthalpytransport.37

This is a matter of de� nition, and when pressure diffusion p0u 00
i

and density � uctuation effects u00
i are neglected, both de� nitions are

equivalent. They introduce, however, a different relation between
temperature transport and heat � ux and, as a consequence, a dif-
ferent functional dependence on the isentropic exponent. De� ning
the turbulent heat � ux as enthalpy transport recovers the correct in-
compressible limit of the temperature equation and was, therefore,
preferred. In the present work the turbulent heat � ux is closed by a
simple gradient model37 40:
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where cp is the heat capacity at constant pressure, PrT the turbulent
Prandtl number, and Re¤

T the turbulenceReynolds number based on
the modi� ed dissipation"¤. In the presentwork PrT D 0:9 to obtain
the correct recoverytemperaturefor turbulent� ow over an adiabatic
wall.37
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Reynolds-Stress Transport
The transport equations for the Favre–Reynolds-averaged

Reynolds stresses are42
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Convection Ci j and production Pi j are exact terms. The model-
ing concerning the remaining terms is discussed in the following
subsections.

Compressibility Terms
Although effects of compressibility are present in some of the

� ows studied, it was felt during the developmentof the model that it
would be dif� cult to optimize them without previously developing
andextensivelyvalidating(in a wideMach number range) a baseline
model thatwould neglectthem.This wouldavoidthe dangerof using
compressibility terms closures to correct other errors of the model.
In the present work, direct compressibility effects K i j , pressure–

dilatation correlation, and pressure diffusion are neglected:
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Dissipation
To avoid the instability associated with the wall boundary con-

dition "w D 2Mºw.@
p

k=@n/2, a compressible � ow extension to the
Launder–Sharma31 equation for the modi� ed dissipation rate of the
turbulence kinetic energy,

"¤ D " 2Mº
¡
grad

p
k
¢2

; N½ Mº D M¹ (11)

forwhich thewall boundaryconditionis "¤
w D 0, was used.The trans-

port equation is the same as the one used in the Launder–Sharma
k–"¤ turbulence closure31 (also see Ref. 38), with the exception of
the diffusion term, where a tensorial diffusion coef� cient is used,
as is usual in Reynolds-stressclosures.14;29;43 The modeled form of
the equation is12
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This is of course a baseline equation, and the authors are aware
that further work is needed on the dissipationequation.However, as
noted by Hanjalić,11 the effort should be concentratedon improving
the reattachment behavior and not viscous-sublayerdetails in near-
zero pressure-gradient� ows.

Diffusion
Because pressure diffusion is neglected, diffusion is approxi-

mated by

di j
»D

@

@xk

µ
N½ gu 00

i u 00
j u

00
k C M¹

@ gu 00
i u 00

j

@xk

¶
(14)

where the triple correlations are modeled following Hanjalić and
Launder44
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Preliminary tests for shock-wave/boundary-layer interactions
showed little difference in the results when using the Hanjalić–

Launder44 model compared to the simpler Daly–Harlow model,45

used by Gerolymos and Vallet.12 The Hanjalić–Launder44 model
was as a consequence preferred because it respects the tensorial
symmetry of the triple velocity correlations gu i

00u j
00uk

00 (Refs. 8
and 11).

Pressure–Strain Redistribution
The pressure–strain redistribution term augmented by the

dissipation tensor anisotropy30 is split into the slow and rapid parts
and the correspondingecho terms:
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The pressure–strain redistribution terms Ái j are the most important
item in the closure because they control both the separationand the
reattachmentprocesses.

The slow part Ái j1 is modeled by a simple quasi-linear return to
isotropy model whose coef� cient has been optimized by Launder
and Shima30 to accountalso for theanisotropicpartof the dissipation
tensor "i j
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The rapid pressure–strain part was used to control separation.Care-
ful observationof existingexperimentaldata46 48 andcomputational
results with the Launder–Shima model12 shows that in the sepa-
rated � ow region A ! 1. This observationwas used in the modeling
to obtain a better prediction of separated � ow regions (invariably
underpredicted by the Launder–Shima30 model C2[A; ReT ]). The
original form of the Launder–Shima30 model was, nonetheless, re-
tained in the near-wall region, where it gives the correct near-wall
behaviorof the Reynolds stresses.For this reason, the coef� cient of
the isotropizationof production closure used follows the Launder–
Shima closure in the range A 2 [0; 0:55] and is then sharply raised.
Because A > 0:55 in the log-law region, this modi� cation is active
at the outer part of boundary layers and in the separation region:
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1
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C2 D min [1; 0:75 C 1:3 max[0; A 0:55]]

£ A[max.0:25;0:5 1:3 max[0;A 0:55]/][1 max.0; 1 ReT =50/]
(19)
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Table 1 Computational grids useda

Case Ni N j Nk r j rk yC
w zC

w L x , m L y , m L z , m

Boundary layer Me D 0:22 401 201 —— 1.081 —— 0.46 —— 3.000 0.152 ——
Boundary layer Me D 0:60 401 201 —— 1.090 —— 0.46 —— 3.000 0.152 ——
Compression ramp 401 201 —— 1.100 —— 0.50 —— 0.170 0.200 ——
Three-dimensional 265 161 181 1.107 1.095 0.75 0.75 0.800 0.100 0.1213

swept bump

aGrid directions: i, j , k; number of points: Ni , N j , Nk ; geometric progression ratio: r j , rk ; length: L x , L y , L z .

Table 2 In� ow and wall boundary conditions used

Case ±1 , m M1 Tu1 , % pt1 , Pa Tt1 , K Tw , K qw , W ¢ m 2

Boundary layer Me D 0:22 0.0250 0.22 1 101,325 288 —— 0
Boundary layer Me D 0:60 0.0250 0.60 1 101,325 288 —— 0
Compression ramp 0.0280 2.84 1 665,000 250 260 ——
Three-dimensional 0.0005 0.57 1 92,000 300 —— 0

swept bump

Echo Terms
During themodeldevelopmentextensivetestswere run,including

the suggestions by Launder and Li,14 Craft25 and Batten et al.26 It
was found that these closures, associated with a cubic pressure–

strain model, did not perform satisfactorily in separated � ows, in
part due to numerical instabilities. One conclusion that seemed to
come out of these tests was that echo terms were necessary both
for the slow and the rapid pressure–strain terms. Furthermore, the
forms suggestedby Craft25 for replacing the normal to the wall and
the distance to the wall were incompatible with the Ái j1 and Ái j2

closure used in the present work.
The echo terms are computed in the usual way49:
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where en D n i ei is the unit pseudonormaldirection.The effect of the
distance from the wall is included in the functions Cw

1 and Cw
2 .

To construct the wall re� ection echo terms the normal to the
wall direction is approximated by the gradient of a function of the
turbulence length scale `T . To correct the problem of the maximum
`T location in the boundary layer,14 the following gradient is used:

en D ni ei D grad`n

kgrad`nk ; `n D `T f1 exp[ .ReT =30/]g
1 C 2

p
A2 C 2A16

`T D
k

3
2

"
(21)

Adding (A16) improves the approximationof the normal to the wall
direction at the shock-wave foot. This form of the unit pseudonor-
mal gives satisfactory results not only for simple boundary-layer
� ows but also at solid corners, as shown in the validation section.
The coef� cientsCw

1 and Cw
2 are made proportionalto a power of the

turbulence length-scale gradient, so that they will vanish in homo-
geneous � ow:
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These forms were obtained after extensive testing over a wide range
of con� gurations and are of course dependent on the closure used
for Ái j1 and Ái j2.

Model Validation
Computational Methods

The computational results were obtained using the numeri-
cal method for the three-dimensional compressible Navier–Stokes
equations with RSM closure developed by Gerolymos and Vallet,12

Gerolymos et al.,13 and Gerolymos and Vallet.40 The equations
are discretized in space using a third-order upwind-biased � ux-
vector-splittingmethodand integratedin time usingan implicit � rst-
order method. A Courant–Friedrichs–Lewy numberD 20 time step
was used, based on a combined convective–diffusive stability time
step.12 The computationalgridsused are summarized in Table 1, and
the boundary-conditionsapplied are given in Table 2 (for subsonic
in� ow M1 is of course not a boundary condition, but a result of the
computations). In all cases grid dependenceof results was carefully
studied and eliminated as far as possible (Table 1).

Flat-Plate Boundary Layer
The model was then validated against experimental data for

compressiblesubsonic boundary-layer� ows, at near-zero pressure-
gradient conditions.50 Computations are compared with measure-
ments at Me D 0:22 and 0.6. Both the upper and lower wind-tunnel
walls were included in the computations (height L y D 0:152 m),
which used a 401 £ 201 grid (Table 1) for a streamwise length of
L x D 3 m. In� ow boundaryconditions(Table 2) were based on mea-
surements. The boundary-layer thickness at in� ow ±1 was chosen
to obtain the experimental momentum thickness Reynolds number
Reµ in the middle part of the computationaldomain well away from
in� ow and out� ow and eventual contaminating in� uence from the
boundary conditions.The results show satisfactoryagreement with
measurements (Fig. 1). Computed nondimensional mass-� ux pro-
� les are in good agreement with measurements (Fig. 1). For both
Mach numbers a log-law region is obtained with von Kàrmàn con-
stant·VK D 0:435, but with differentordinatesat yC D 1. Agreement
between computed and measured Reynolds stresses is quite good
(Fig. 1) with the exception of the gv 00v 00 level, which is higher in
the experiments.Nonetheless, the computed gv 00v 00 is nearer the gen-
erally accepted incompressible � ow structure.51 In conclusion, the
presentpseudonormalstechniqueyields very satisfactoryresults for
these near-zero pressure-gradientboundary-layer� ows.

Oblique Shock-Wave at Compression Corner
To evaluate the performance of the present model in separated

� ows, computations were run for the interaction of a turbulent
boundarylayerwith an obliqueshockwave (M1 D 2:84)at a 24-deg
compressioncorner (Fig. 2). This con� guration is very well adapted
to the evaluationof the model capability to predict correctly separa-
tion because the upstream in� uence indicated in the wall-pressure
distribution (Fig. 3) is directly related to the size of the boundary-
layer separationbubble.52 Measurementswere obtainedfor this con-
� guration by various authors.53 57 These measurements56 were all
obtained, over the years, on the same experimental setup and may
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Fig. 1 Mean mass � ux Å½ Äu, logarithmic law u+, and Reynolds stresses for near-zero pressure-gradient boundary-layer � ow (comparison with mea-
surements of Acharya50 at Me = 0:22 and Reµ = 2:1 £ £ 104 , and at Me = 0:6 and Reµ = 3:3 £ £ 104).

Fig. 2 Levels of Mach number ÆM for the 24-deg compression ramp of Settles et al.53 at M1 = 2:84 (zoom of the corner region).

be taken as representing the experimental accuracy for this dif� cult
con� guration exhibitinga high level of shock-wave unsteadiness.55

It is noticeable that, whereas important scatter is observed down-
stream of the interaction, all of the experimental data predict the
same upstream in� uence due to the shock-wave/boundary-layerin-
teraction at the corner (Fig. 3). Computations were run both with
the Launder–Shima RSM,30 as modi� ed by Gerolymos and Vallet,12

and with the presentRSM model. Computationsusing the Launder–
Sharma31 k–" model were run as well. A 401 £ 201 computational

grid was used (Table 1) which discretized both the ramp and the
upper wind-tunnel wall (L y D 0:2 m) for a length L x D 0:17 m
(Table 2).

Boundary conditions (Table 2) were based on the experimental
data.53 57 Following the tabulation of experimental data given by
Fernholz et al.,57 the wall temperaturewas � xed at Tw D 260 K, that
is, about 10% higher than the adiabatic wall recovery temperature.
The computed boundary-layer thickness at the beginning of the in-
teraction is ±0 D 0:023 m, in accordance with the measurements.53
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Fig. 3 Comparison of computed wall pressures Åpw as a function of the curvilinear coordinate (s), with measurements56 for the 24-deg compression
ramp of Settles et al.53 at M 1 = 2:84 (zoom of the corner region).

Fig. 4 Levels of A obtained using the present RSM model for the 24-deg compression ramp of Settles et al.53 at M1 = 2:84 (zoom of the corner region)
and plot of C2(A; ReT = 1 ) as a function of the anisotropy-tensor � atness parameter A.

The computed Mach-number plots (Fig. 2) obtained using the three
models show that the present RSM model predicts a larger separa-
tion zone, and, as a result, a marked ¸-shock structure, contrary to
the two other models.

Comparison of computed wall-pressures Npw with measurements
shows that the present RSM model correctly predicts the length of
upstream in� uence of the ramp due to the shock-wave/boundary-
layer interaction (Fig. 3), in contrast with the two other models:
Both the Launder–Sharma k–" model31 and the Launder–Shima
RSM model30 give similar results that underpredict the upstream
in� uence of the interaction. The obtained improvement is mainly
due to the new form of C2 used in the present model, as shown by
examining(Fig. 4) the level plots of the � atnessparameter A and the
function C2.A; ReT D 1/. Indeed, A varies monotonically from 0
at the wall to 1 outside of the boundary layer in the zero pressure-
gradient region upstream of the interaction, whereas it takes high
(near-unity) values in the separated� ow region exhibitinga double-
peakstructurein thenormalto thewalldirection.Note also thewave-
like region, clearly marked by A » 0:5, above the separated zone.
The proposed modi� cation of C2 is active in the separated � ow re-
gion and substantially improves the agreement with measurements
compared to the standard C2 function used in the Launder–Shima
model.30 Note, however, that the computed wall friction, after reat-
tachment, approachesthe equilibriumvalue too fast, a problemalso
observed by Rizzetta58 using various explicit algebraic RSM clo-
sures. This drawback of the model may be attributed to the baseline
equation used for " (Refs. 32–34), but further research is needed
to clarify this point (Wilcox59 suggests that the use of multiscale
models is necessary to obtain the correct wall-frictiondistribution).

Délery Three-Dimensional Nozzle
Finally, to demonstrate the ability of the present model to pre-

dict complex three-dimensional� ows, results are presented for the
Délery three-dimensional nozzle, which is a nozzle of rectangu-
lar cross section � tted with a three-dimensionalswept bump at the
lower wall (see Ref. 47). This con� guration includes a shock wave
whose upstream Mach-number is »1:5 at the far wall and »1:8 at
the near wall, resulting in an important three-dimensional separa-
tion region in the near-wall vicinity (Fig. 5). The large separation is
clearly seen as a low-speed region in the iso-Machs (Fig. 5). This

zone has an important lateral extent (y-wise and z-wise) covering
almost one-half of the channel and extends far downstream, up to
the second throat used to position the shock wave.

Results obtained using the Launder–Shima RSM model30

(also see Ref. 12) and the Launder–Sharma k–" model31 have been
presentedby Gerolymosand Vallet12 and showedsatisfactoryagree-
ment with measurements, but improvements were possible in the
region of large separation. Comparison of computed skin-friction
lines on the lower wall (Fig. 5) shows that the presentmodel substan-
tially improvesthe three-dimensionalseparationstructurecompared
to the Launder–Shima model (see Ref. 12). Indeed measurements47

(photographs of colored viscous coating at the wall) show that the
separation at the lower wall is delimited by a separation line S1 in-
tersecting the near wall at point C1 and terminating at focal point
F1 around which a three-dimensional ( Qu– Qw) separation bubble is
organized. The separation region is delimited downstream by the
reattachment line S2 intersecting the lower wall at point C2 (Fig. 5).

The Launder–Shima RSM closure30 (also see Ref. 12) does not
predict the wall-friction lines pattern correctly. Although the sepa-
ration line S1 (point C1 ) is correctly located (due to the correct
prediction of the position of the shock wave, which is responsible
for the separation) the focal point F1 is too far downstream and
too near the wall (too far from nozzle midspan). Furthermore, the
form of the recirculation region is too elongated, and the reattache-
ment line intercept C2 is too far downstream. The present RSM
model substantially improves agreement with measurements. Both
the separation line S1 and the focal point F1 are correctly captured.
The reattachementline interceptC2 is quite well predicted.This im-
portant improvementin separated� ow structureis associatedwith a
better prediction of streamwise Qu and cross� ow Qw velocity pro� les
(Fig. 6). Indeed the separated region is characterized by a cross-
� ow wall jet (high Qw near the wall) feeding the recirculation zone
and almost inhibiting (in the measurements) negative Qu velocities.
The present RSM model predicts a stronger Qw wall jet (Fig. 6), and
in this way improves the agreement with measurements. The im-
provement is partly attributed to the use of pseudonormals instead
of geometric normals. Pseudonormalsbehave correctlyat solid cor-
ners (Fig. 7), thus automatically lifting the ambiguity in geometri-
cally de� ning a normal to the wall directionand a distance from the
wall (or the eventual use of separate echo terms for each wall12 ).
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Fig. 5 Level of Mach number ÆM for the Délery three-dimensional nozzle (see Ref. 47) near the lower wall obtained using the present RSM model and
comparisonof computed skin-friction lines on the lower wall (using the present RSM model and the Launder–Shima RSM model30 with measurements.
(The experimental reference frame was X = x, Y = 0:1213 ¡ z, Z = y.)
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Fig. 6 Comparison of computed Äu (x-wise) and Äw (z-wise) velocity pro� les [using the present RSM model and the Launder–Shima RSM model30 (also
see Ref. 12)] with measurements for the Délery three-dimensional nozzle (see Ref. 47) at six x-wise stations, in the separated � ow region (z = 0:1113 m).

Fig. 7 Unit pseudonormals of the present model at a solid corner for the Délery three-dimensional nozzle (see Ref. 47).

The agreement is less satisfactory in the outer part of the boundary
layer.

The model has been extended to rotating � ows and has been
validated by comparison with measurements for three-dimensional
transonic turbomachinery � ows.60;61

Conclusions
In the present work, a wall-normal-free, near-wall RSM model

was developed and validated. The model does not require the ge-
ometric de� nition of the normal to the wall direction and of the
distance to the wall, which are instead replaced by functions of
the gradients of functions of the turbulence length scale and of the
anisotropy tensor invariants. This makes the use of the model in
complex three-dimensionalgeometries quite straightforward.

The model gives very satisfactory results for boundary-layer
� ows, demonstratingthecapabilityof thewall-normal-freeformula-

tion to mimic the wall-echo effects correctly. The formulation used
is based on a quasi-linear Ái j closure, with pseudonormal-based
echo terms. These two choices substantially enhance the model
robustness and ensure numerical convergence for complex � ows.

Comparisonwith experimentalmeasurements for two- and three-
dimensional shock-wave/boundary-layerinteractionsshow that the
present RSM model substantially improves the prediction of sepa-
ration when compared to k–" or other RSM closures.This improve-
ment concerns both the extent and the structure of the separated
� ow region. The excellentagreementof skin-frictionlines topology
with measurements is partly attributed to the use of pseudonormals
instead of geometric normals that are ambiguous at solid corners.

The resulting model is easy to code (compared to cubic Ái j clo-
sures) and has been successfully applied to a number of complex
(and numerically dif� cult) � ows, giving results consistently bet-
ter than previous closures. Nonetheless, the authors consider that
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this is a baseline model, of good engineering accuracy, that can be
further improved, by modifying the dissipationequation,by includ-
ing a model for pressure diffusion, and by further optimizing the
functional dependence of the quasi-linear pressure–strain closures
coef� cients on the anisotropy-tensorinvariants.These modeling ad-
ditions are hoped to correct the two known drawbacksof the model,
that is, the too rapid return of skin friction to equilibrium values af-
ter reattachment and the behavior of the outer part of the boundary
layer in the reattachment and relaxation regions.
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32Hanjalić, K., and Jakirlić, S., “A Model of Stress Dissipation in Second-
Moment Closures,” AppliedScienti�c Research, Vol. 51, 1993,pp. 513–518.
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